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Inverse Problems

In many problems in science and engineering we have
access to a forward or system model, g(-):

y =g(f) +e€
« We can measure the outputs of the system, y, but

the inputs, f, are latent.

« We wish to infer these inputs without access to
the inverse system model, g'(-).

- y may be a continuous process or path (robot arm
motion), so f can be a Gaussian process (GP).

Aims

® Compute a posterior distribution over f.

® Avoid ‘hand-coding” methods for every new g(-),
i.e. generic inference for non-linear likelihoods.

® The gradients, dg(f)/0f, may not be known.
o Avoid expensive simulations (c¢f. MCMC).

GPs with nonlinear likelihoods

Prior on latent functions f at locations X = {x,} ;.

p(f) = N(f|p, K), (1)

where p, K evaluate the mean function p(x) and the
covariance function k(x, x"; @) at all observed locations.

Likelihood encodes y = g(f) + noise,
N
p(ylf) = N(ylg(f), %) = f_[lN(yn|g(fn),02)- (2)

This factorisation simplifies computation but is not re-
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Variational Inference

We approximate p(fly) ~ ¢(f) = N(fim, C), via the

maximisation of the evidence lower bound:

F = (logp(y|f)),s — KLg(f) || p(f)] . (4)
Main difficulty: ‘Intractable’ expected log likelihood:

(log p(y|£)),e = 2(172<(y—ﬂ)T (y—@)> +...

gt

Our Solution:

o Linearise the forward model:
g(f) = g(f) = Af + Db, (5)
and obtain linearised objective F.

o Newton method on F to find m, and
‘closed-form’ updates for C:

m;.; = (1 —a)mg+ ap+ aHg (y — by — Agpt),
C=(1Iyv—-H,A)K,
where H, = KA | (E + AkKAD_l .
o Methods: How to linearise — EGP vs. UGP.

Extended Gaussian Process (EGP)
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[Figure 2 EGP linearises g(-) using a 1st-order Taylor expansion.

First order Taylor series expansion about my,

g(fn) ~ g(mnk) + S (fn — mnk) 7
and J,, . = 0g(myi)/Omyi. Then equating coefficients,

Ay =diag(| s - -5 Jmail) (6)
bk — [g(m()k) B ngkmOka R ,g(me) o Jmeme]T .

This results in the Gauss Newton method.

Key Results

« UGP treats the likelihood as a ‘black box’ by not requiring knowledge of its form or its derivatives.

- A is a diagonal matrix because of the factorising likelihood in (2) — so similar complexity as Laplace approx.

« The iterative extended and sigma-point Kalman filters are specific instances of our variational framework.

Experiments

Synthetic inversion problems

Table 1 Performance on synthetic inversion problems.
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Figure 4. UGP linearises g(+) using the unscented transform.

Make sigma points [2] M,,; and V,;,
Mo = Mg,
My = Mg+ (1 + &) Cos,
Mo = My — /(1 + &) Croi,
Vi = g(Mayi)
then solving NN scalar linear regression problems,

2
argmin ¥ || Vni — (@peMp; + bpi) H§

kbt 1=0

g1ves,

. a'Nk]) ) (7)
bi. = (Y — amok, - - -

Here a,; = I’ C-lo T 1s the cross-covariance
nk ymnk~nnk: L ymnk

between M,,; and V,; Vi, and y,, = Z?:o W; Vi

Ay = diag(|ao; - -

_ T
s YN — aNkme]

Learning the EGP and the UGP

Variational-EM updates:

« Optimize posterior parameters m, C
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from f,, to y, is given by the nonlinear forward model g( f,).
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